Abstract-We theoretically and experimentally investigate the performance of an ultrasound detection system based on a fiber ring laser (FRL) whose cavity includes a pair of fiber Bragg gratings. The ultrasonic detection is achieved by the FRL power variations in response to the ultrasound-induced cold-cavity loss modulation of the FRL. The effects of key FRL parameters, including pump power, laser cold-cavity loss, and laser cavity length, on the system signal-to-noise ratio (SNR) performance have been investigated. It is found that the maximum SNR is achieved when the frequency of the ultrasound is the same as that of the FRL relaxation oscillation (RO). Harmonic generations are more prominent when the ultrasonic frequency is at the RO frequency and highly dependent on the strength of the ultrasonic signal. The analysis provides a useful tool for the understanding and optimization of such ultrasonic sensor systems.
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I. INTRODUCTION

D
RIVEN by the growing desires for the inspection of structural health of sophisticated structures, surveillance of natural disasters (e.g. seismic activities), leak detection of gas and liquid pipelines, etc., ultrasonic sensors based on fiber optics have gained much attention and marvelous progress over the last few decades [1] . Fiber-optic ultrasonic sensors can outperform their counterparts in terms of sensitivity, fabrication cost, ease of deployment, and immunity to electromagnetic interference. To date, various ultrasonic sensor structures including fused-taper optical fiber coupler [2] , fiber Bragg gratings (FBGs) [3] , [4] , fiber interferometers [5] , [6] , in-line fiber microcantilever [7] , and nonadiabatic fiber taper [8] been studied. These fiber-optic acoustic/ultrasonic sensors have shown great promise toward practical applications. Recently, fiber-ring lasers (FRLs) have been developed successfully as a new ultrasonic sensing platform [9] . By incorporating an FBG as the sensing element, the intensity of the FRL output is modulated by the variation of the FBG wavelength due to the wavelength-dependent gain of the erbium doped fiber (EDF). However, the wavelength dependence of the gain medium is weak and difficult to be tuned, significantly limiting the ultrasonic detection sensitivity. To overcome this problem, a narrow tunable optical bandpass filter (TOBPF), whose wavelength is tuned to be on the slope of the reflection spectrum of an FBG, is added into the laser cavity [10] . The FRL lasing wavelength is determined by the TOBPF and its cold-cavity loss is modulated by the ultrasonically-induced spectral shift of the FBG. The ultrasonic signals can be detected by the intensity variations of the FRL in response to the cold cavity loss modulation. Due to the large FBG spectral slope, the detection sensitivity can be significantly improved. Most recently, the dynamic properties of a FRL where one phase-shifted FBG and one apodized FBG are incorporated in the cavity for ultrasonic sensing was investigated by Wu et al. [11] . In their report, they examined the dynamic response of the FRL to ultrasonic waves in both continuous and burst modes and found that the response of the FRL sensor system has an ultrasound frequency dependence which follows the Lorentz function with the maximum response located at the frequency of the relaxation oscillation (RO). However, its noise performance has not been considered. Rather than the parameter of responsivity, signal-to-noise ratio (SNR) is usually of more interest in practical applications for the characterization of a sensor system, which has not been studied for the FRL ultrasonic systems. In addition, the effects of key FRL parameters, such as pump power, laser cold cavity loss, and laser cavity length, on the system SNR performance which is important for the optimization of such a sensor system, have not been studied.
In this paper, we theoretically and experimentally investigate the effect of these parameters on the performance of a novel FRL ultrasonic sensor system proposed and demonstrated recently by our group [12] . The system achieves the unique capability of self-adaptive operation to large quasistatic background strain perturbations by a laser cavity design that includes a pair of closely-located FBGs engineered to have differential ultrasonic responses. Our studies have led to several conclusions: (1) the maximum SNR is obtained when the ultrasound frequency is identical to that of RO of the FRL; (2) for large ultrasonic input, the system output contains significant and undesirable harmonic components when the ultrasonic frequency is at or close to the RO frequency; (3) excessive cold cavity loss can significantly reduce the detection sensitivity and SNR of the system, limiting its multiplexing capability; and (4) increased FRL cavity length may also significantly reduce the system detection sensitivity and SNR, which may limit the spatial range of the system.
II. NUMERICAL ANALYSIS
A. System Description and Mathematical Model
The FRL ultrasonic sensor system studied here is schematically shown in Fig. 1 (a) and is described in detail in Ref. [12] . Briefly, a section of EDF is pumped by a 980 nm laser diode through two wavelength division multiplexers (WDMs). The FRL cavity includes a pair of FBGs that are installed sideby-side on a structure. One of the FBGs is strong and short, leading to a broad reflection spectrum with sharp spectral slopes; the other FBG is weak and long, leading to a narrow reflection spectrum that determines the lasing wavelength to be on a spectral slope of the short FBG (SFBG), as schematically shown in Fig. 1(b) . It is designed so that the length of the LFBG is comparable to or longer than the ultrasonic wavelength but the length of the SFBG is much shorter than the ultrasonic wavelength, as schematically exhibited in Fig. 1(a) . Therefore, the ultrasonic waves impinging onto the FBGs from the axial direction introduce both compressive and tensile strains over the length of the LFBG but much more uniform strains over the SFBG at a given moment. Due to this aperture effect, the ultrasonically-induced FBG spectral shift is much larger for the SFBG than for the LFBG. The differential response to ultrasonic waves results in relative spectral shifts of the FBGs that modulate the FRL cold cavity loss. The laser output power, tapped out of the FRL through a coupler, varies in response to the cavity loss modulation and can be used as the signal for ultrasonic detection. On the other hand, quasi-static background strains only produce identical wavelength shifts of both FBGs and no modulation to the cold cavity loss. Consequently, the system does not respond to the quasi-static background strain.
We have previously developed a model [10] to simulate a FRL sensor based on a FBG and a tunable optical filter where the EDF is described by a two-level model [13] - [15] . Such model is applied to simulate the operation of the FRL sensor system studied here. For convenience, a brief description of the models is provided with small modifications made to the expression of ultrasound-induced cold-cavity cavity loss.
In this model, the longitudinal modes of the FRL are divided into equally-spaced G groups, each of which contains m longitudinal modes of identical parameters. For reasonable simplification, we use the length-averaged inversion level of the upper energy level N 2 , defined as the fraction of atoms in the excited state, whose time-rate change is given by the following time-domain rate equation:
where t denotes time, P p is the pump power in unit of photons/second, M g is the number of photons in the g th mode group, τ is the round-trip time within the cavity, ρ, s, and l are, respectively, the Er 3+ density, the core cross-sectional area, and the length of the EDF,
is the length-averaged pump absorption coefficient, and
)N 2 − α g is the length-averaged gain coefficient for the g th mode group, where α p is the pump absorption coefficient and γ g and α g are, respectively, the emission coefficient and absorption coefficient of the EDF for the g th mode group. The four terms on the right-hand-side (RHS) of Eq. (1) correspond to the time-rate changes of N 2 due, respectively, to the pump excitation, the spontaneous emission, the stimulated emission, and the amplified spontaneous emission (ASE). The time-rate change of M g is given by the following rate equation:
where α c is the cold-cavity loss (loss external to the EDF) minus the losses from the SFBG and LFBG. The two terms on the RHS of Eq. (2) represent the time-rate change ofphotons due, respectively, to the net gain of a round trip of the laser cavity and the ASE. In Eq. (2), G f g is the parameter denoting the cavity loss contributed by the two FBGs. For simplicity, the reflection spectrum of the LFBG that determines the lasing wavelength is assumed to have a Gaussian shape with a unit peak reflectivity and a half-width at 1/e maximum of λ centered at wavelength of λ 0 . Because of the narrow spectral width of the LFBG, the overall loss spectrum resulting from the two FBGs can be assumed to have the same Gaussian shape with the peak reflectivity modulated by the reflectivity of the SFBG at λ 0 and the ultrasonic waves to be detected; then G f g can be expressed as
where λ is the wavelength, R 0 is the reflectivity of the SFBG at λ 0 , f is ultrasonic frequency, δλ m is the magnitude of the relative wavelength shift of the two FBGs, and k is spectral slope of the SFBG at the lasing wavelength. Finally, the output signal power is proportional to the laser power, P out , which is a summation over all mode groups and given by
where h is the Planck's constant and c is the speed of light in vacuum. A list of the symbols and their definitions and numerical values used in this paper is given in Table I .
Equations (1)- (4) are solved by the 4 th -order Runge-Kutta method to obtain the static state when no ultrasonic signal is present, which is used as the initial condition to find the temporal response of the FRL to an ultrasonic signal. In this work, the ultrasonic signal is assumed to be a sinusoidal ultrasonic wave with a frequency of 40 kHz and a constant amplitude that leads to a peak relative wavelength shift of 0.1 pm (unless otherwise specified) between the two FBGs, same as used in the experiment described in Section 3. Using the parameters listed in Table I , Fig. 2(a) shows the temporal changes of the FRL output power in response to the ultrasonic waves. By carrying out the fast Fourier transform (FFT) of the temporal response, we obtain the frequency response of the system as shown in Fig. 2(b) . The first peak is the dc component corresponding to the average power of the laser output. The second peak at ∼28 kHz is the RO frequency of the laser cavity, which arises from the transient response induced by the arrival of the ultrasonic signal. The third peak at 40 kHz is the response to the ultrasonic wave, which is the signal peak. The last peak at 80 kHz is believed to be the second-order harmonic generation originating from the nonlinear nature of the laser operation [10] .
In order to calculate the SNR of the sensor output, the noise performance of the FRL needs to be analyzed. The FRL noise is simulated by assuming a noise source that randomly varies the relative spectral shifts between the two FBGs. It is mathematically achieved by replacing the sinusoidal function in Eq. (3) with a random function that has a Gaussian distribution with a mean value of 0 and a standard deviation of 5 × 10 −3 pm (1/20 of the peak wavelength shift caused by the ultrasonic signal). A typical simulated temporal noise is shown in Fig. 2(c) . To obtain the SNR, we use the peak-to-peak value of the temporal response with ultrasounds as the signal and the root-mean-square value of the temporal response without ultrasound as the noise. Figure 3(a) shows the simulation results of the SNR of the sensor system with respect to the pump power when the cold cavity loss is 7.5 dB. It can be seen that the SNR exhibit a non-monotonic dependence on the pump power. The SNR first increases as the pump power increase until it reaches its peak value [point 3 in Fig. 3(a) ]. Then the SNR decreases as the pump power continues to increase. It is revealed that the RO plays a central role in determination of the SNR by examining the spectra of the system output at various operation conditions. Figure 3 (b)-(f) shows the spectra of the system output at the operational conditions corresponding, respectively, to points 1-5 in Fig. 3(a) . The simulated RO frequencies at points 1-5 are, respectively, 27.6, 35.23, 40.0, 45.7, and 55.6 kHz, indicating that the RO frequency shifts toward higher frequency as pump power increases. Maximum SNR is achieved at point 3 where the RO frequency (40.0 kHz) coincides with that of the ultrasonic signal. Therefore, the sensor reaches maximum SNR when the ultrasound is in resonance with RO of the FRL. It is worth noting that the system output power, which can be obtained by the value of the dc components in Fig. 3(b) -(f), increases monotonically as pump power increases. It is also noted that harmonic generations become more prominent when the ultrasound is in resonance with the RO. For example, in Fig. 3(b) , (c), (e), and (f), when the RO frequency is away from the ultrasonic frequency, only the 2 nd and 3 rd order harmonics may be seen. However, as shown in Fig. 3(d) , harmonic peaks up to the 5 th order are visible in the spectrum when the ultrasound is in resonance with the RO. In this case, the intensity of the 2 nd -order harmonic signal is 8.24 dB lower than that of the signal. Obviously, these harmonic signals are in general undesirable for sensing applications. As aforementioned, we believe these harmonic signals originate from the nonlinear response of the fiber laser. As a simple verification, we calculate the spectral responses of the system to different magnitude of the relative wavelength shifts (δλ m ) of 0.05 and 0.01 when RO is maintained resonant with the ultrasound and the results are shown in Fig. 3(g) and (h), respectively. In addition to the drop in the signal peak as δλ m decreases, the intensity difference between the signal peak and the second harmonic peak is increased from 8.24 dB (Fig. 3(d) ) to 19.95 dB (Fig. 3(h) ) when the maximum wavelength shift is decreased from 0.1 pm to 0.01 pm. It can be seen that the relative intensities of the harmonic generations are highly dependent on the strength of the ultrasonic signal and harmonic generations are less an issue for low ultrasonic signal strength. However, the harmonic generation around the RO frequency has to be considered for detection of strong and broad-band ultrasonic signals where the output signal from the sensor system may be distorted from the ultrasonic signals due to the presence of strong multiple harmonic components.
B. Numerical Results
Next, we study the SNR of the sensor system with respect to the FRL cold-cavity loss (round-trip loss of the FRL cavity with EDF excluded) when pump power is fixed at 25 mW. The results are shown in Fig. 4 . The dependence of the SNR on the cold cavity loss is also non-monotonic and more complicated. When the cold cavity loss is very small (<3 dB), the SNR slightly decreases as the loss increases. Then the SNR starts to exhibit a sharp increase as the loss continues to increase and reaches its peak value when the cold cavity loss is ∼6 dB. As the losses continue to increase, the SNR decreases rapidly. The spectra of the system output are calculated for the five operational conditions as indicated by points (1)- (5) in Fig. 4(a) and the results are shown in Fig. 4(b)-(f) . The RO frequencies are 52.8, 46.2, 40.3, 35.9, and 29.6 kHz corresponding, respectively, to operation points from 1 to 5 in Fig. 4(a) . Again, it is revealed that the peak SNR is reached when the ultrasonic frequency is the same as the RO frequency. Here, the RO frequency as a function of the loss is also nonmonotonic. It is worth noting that, compared to the cases with small (<3dB) but non-zero cold-cavity losses, point 1 which denotes a zero cold cavity loss shows slightly increased SNR although its RO frequency is further from the ultrasonic frequency. Similarly, it is seen that higher-order harmonic generations become more prominent as the RO frequency is closer to the ultrasonic frequency. From Fig. 4(d) , harmonic peaks up to the 5 th order are visible when the ultrasound is in resonance with RO, which is consistent with the results shown in Fig. 3(d) .
Our results shown in Figs. 3 and 4 have revealed that the SNR of the FRL sensor system reaches a maximum value when the ultrasound under detection is in resonance with the RO of the FRL. In practical applications, both the pump power and the cold-cavity loss may be tuned within a certain range. It is of great interest to understand how these two parameters can be optimized to achieve the maximum SNR for an ultrasonic signal with a given frequency (40 kHz in this case). The simulation results shown in Fig. 5 can be used to gain insight into this issue. Fig. 5(a) shows the SNR as a function of the pump power at different cold-cavity losses, suggesting that the pump power to achieve the maximum SNR decreases as cold-cavity loss decreases. Fig. 5(b) is the SNR as a function of cold-cavity loss at different pump powers, indicating that the cold-cavity loss needed to achieve a maximum SNR decreases as the pump power decreases. From these results, we see that, in general, to maintain the RO frequency at a particular frequency that matches the frequency of the ultrasound under detection for maximum SNR, the cold-cavity cavity loss needs to be increased as the pump power increases. As shown by the black curve in Fig. 5(b) , when pump power is too low (e.g. 12.5 mW in this case), the SNR monotonically decreases as the cold-cavity loss increases from zero, suggesting that the RO frequency cannot be tuned to be in resonance with the ultrasonic frequency. For these cases, we need to minimize the cold-cavity loss to obtain a higher SNR. In order to have a more straightforward and complete view on the effect of the two parameters on the system SNR, we show in Fig. 5(c) the three-dimensional plot of the maximum system SNR as functions of the pump power and the cold-cavity loss. Note that when pump power is less than 12.5 mW, maximum SNR is always achieved when the cold-cavity loss is zero. As the pump power increases further, the cold-cavity loss required to achieve the maximum SNR also increases. The calculated maximum SNR in Fig. 5(c) is 36.82 dB when the pump power is 25 mW and the cavity loss is 6 dB. Therefore, the optimal output will decrease if the cavity loss is too large.
Another key factor that affects the practical application of the FRL sensor is its cavity length. Figures 6(a) and (b) are, respectively, the SNR at the ultrasonic frequency of 40 kHz and the RO frequency of the FRL as functions of the FRL cavity length. In Fig. 6(a) , a maximum SNR is obtained when the cavity length is around 19 m, which is exactly the point where RO frequency is identical to that of ultrasound (40 kHz), as indicated by the solid dot in Fig. 6(b) . From Fig. 6(b) , it is seen that the RO frequency monotonically decreases as the cavity length increases. Fig. 6(c) -(e) demonstrates the temporal response to ultrasound for cavity lengths of 28 m, 78 m, and 128 m, respectively. It is seen that increased cavity length significantly suppresses its response to the ultrasonic wave. The noise is also suppressed, but to a much lesser degree, leading to a greatly degraded SNR at excessively extended cavity length. This result can be analytically inferred from Eq. (2). The extended cavity length is responsible for an increased round-trip time τ on the RHS of Eq. (2), resulting in a decreased time-rate change of the lasing photon number M g [left-hand side of Eq. (2)]. Therefore, the applications of FRL ultrasonic sensor system for remote sensing where a long cavity length is required may be limited.
III. EXPERIMENTS
Experiments to verify the above theory have been carried out using a setup schematically shown in Fig. 7 . The ∼3 m long EDF (Fibrecore, I-6) was pumped by a 980 nm diode laser through a 980/1550 nm WDM. The residual pump was removed by another WDM. The cold cavity loss was changed by a tunable attenuator whose attenuation was read through two identical couplers (97/3) placed before and after the attenuator. The two FBGs were mounted side-by-side onto a 2 mm thick aluminum plate. The power within the laser cavity was tapped out partially through a 67/33 coupler, which was detected by a photodetector and amplified by a broad bandwidth amplifier (20 kHz-1.2 MHz). The amplified signal was sent to an electrical spectrum analyzer (SA) to measure its spectrum. The amplified signal then passed a bandpass filter (100 Hz to 300 kHz) before it was displayed on an oscilloscope. The ultrasound was produced via a commercial piezoelectric transducer driven by a function generator. Another piezoelectric sensor served as a reference. In the absence of ultrasonic waves, the base cold-cavity loss (extra loss with the tunable attenuator excluded) of the system in Fig. 7 was estimated to be about 7.32 dB which included losses from 11 splicing points (0.1 dB each), two 97/3 couplers (0.13 dB each), one 67/33 coupler (1.74 dB), two WDMs (0.13 dB each), two FBGs (3.96 dB in total). The total coldcavity loss was varied by the tunable attenuator. Throughout our experiment, the ultrasonic frequency maintained at 40 kHz same as used in the simulations in Section 2 and the peak-to-peak values of the FRL were used as the signal. The noise was obtained by calculating the root-mean-square value of the FRL sensor system output when the piezoelectric ultrasonic transducer was turned off. During the experiment, the response of the system to ultrasonic signals did not shown any dependence on the polarization state of the light. Therefore, polarization controllers that were originally placed inside the FRL cavity were removed. Figure 8 (a) shows the experimental results on the SNR as the pump power (in the unit of pump laser driving current) changes. In this experiment, the total cavity loss was about 8.6 dB. The SNR changed non-monotonically as the pump power increased. The maximum SNR was achieved at the pump input current of 260 mA. Figs. 8(b)-(d) are the output spectra measured by the SA, corresponding, respectively, to the operation points 1 to 5 in Fig. 8(a) . Both the RO peak and the signal peak at 40 kHz are evident in all the spectra. The RO frequency increased from 27 kHz to 50 kHz from points 1 to 5. At point 3, the RO frequency matches that of the ultrasound, leading to a maximum SNR. Note that when ultrasound was in resonance with RO (point 3), the second harmonic generation was visible and no harmonic components were visible in other spectra for which the RO frequencies were different from the ultrasonic frequency. We note that other higher-order harmonic generations were not observed when the RO and the ultrasonic in resonance, which is believed to be due to the very small ultrasonic signal generated from the piezoelectric transducer (Physical Acoustic Co., Model: HD50) used in the experiment whose resonant frequency (500 kHz) was far larger than the operational frequency (40 kHz), leading to a very low ultrasonic generation efficiency. As predicted by Fig. 3(d) (g) (h) , the intensity of the harmonic generations decreases as the ultrasonic signal decrease. The large difference of 55.4 dB between the signal intensity and the second harmonic intensity may also be an indication that the relative wavelength shift is very small. Except for the higher-order harmonics, the experimental results in Fig. 8(a) -(f) agree well with the theoretical analysis of Fig. 3(a)-(f) , respectively. Figure 9 (a) shows the measured SNR as a function of the pump power for different cold-cavity losses, which demonstrates that a larger cold-cavity loss leads to a higher optimal power. The measured SNR as a function of cold-cavity loss at different pump powers is shown in Fig. 9(b) , suggesting that a higher optimal power corresponds to a larger coldcavity loss. Due to the base cold-cavity loss (7.32 dB) of the system, characterization of SNRs at lower cold-cavity loss could not be performed. As a summary, the optimal working points and the according output powers are shown in Fig. 9(c) , which shows that the optimal SNR decreases when the loss becomes excessively large. To be clearer, the projection of the three-dimensional curve shown in Fig. 9(c) onto the pump and loss plane is plotted in Fig. 9(d) . Obviously, a larger pump power will result in a wider cavity loss range that constitutes the optimal working range. The experimental results in Fig. 9 (a)-(d) agree well with the theoretical analysis in Fig. 5(a)-(d) , respectively.
Finally, we studied the influence of the FRL cavity length on the system SNR. In this experiment, the cavity length of the original FRL was increased from 28 m to 78 m and 128 m by adding more fiber in the cavity. Figs. 10(a)-(c) and (d)-(e) show, respectively, the system output in response to the 40 kHz ultrasonic wave and the system noise at the three different cavity lengths. It is seen that the peak-to-peak output of the original system with a cavity length of 28 m [ Fig. 10(a) ] was reduced by more than 3 times when an extra length of 50 m fiber [ Fig. 10(b) ] was added within the cavity. The response was further reduced when the cavity length was increased to 128 m [ Fig. 10(c) ], although to a much lesser degree. Figure 10 (d)-(f) reveals that the noise was only slightly smaller when the cavity length was increased, suggesting a decrease in SNR since the signal was greatly dropped. These experimental results in general agree with theoretical predictions shown in Fig. 6(c)-(h) .
IV. CONCLUSION
We have studied the SNR of an intensity-demodulated FRL ultrasonic sensor system where the ultrasound-induced relative spectral shifts between a pair of FBGs are demodulated by the laser power variations. We have both theoretically and experimentally analyzed the effect of the key FRL parameters such as the pump power, the cold-cavity loss, and the coldcavity length on the SNR of FRL sensor system output. The experimental results agree well with the theoretical results. Our analysis has revealed that the sensor system exhibits a maximum SNR when the frequency of the ultrasound matches the RO frequency of the FRL. Harmonic generations may be significant for strong ultrasonic signals when the ultrasonic frequency is close to the RO frequency. Therefore, for the detection of strong and broadband ultrasonic signals, tradeoff between the distortion from the harmonic components and sensitivity of the system has to be considered. We have shown that the RO frequency of the FRL can be tuned over a large frequency band by adjusting the pump power and cold-cavity cavity loss to achieve the maximum SNR.
If the pump power is low, SNR decreases monotonically as the cold-cavity loss increases. When the pump power is high, maximum SNR occurs at a non-zero cold-cavity loss which results in a maximum SNR for an ultrasonic wave at a given frequency. Excessive cold-cavity loss will cause the maximum SNR to decrease dramatically. In addition, the SNR drops exponentially if the cavity length is too large, limiting the applications of the sensor systems to relatively short space range. Finally, it is worth pointing out that, although continuous single frequency ultrasonic waves are considered here for the study of the spectral response of the sensor system, the ultrasonic signal to be detected in practical applications may have a bandwidth much wider than that of the RO peak. In this case, due to the non-flatness of the spectral response of the sensor system, the spectrum of the system output will be different from the spectrum of the ultrasonic signal under detection. However, with the spectral response of the system known, both the spectrum and the time-domain representation of the ultrasonic signal can be recovered from the system output.
